A new model, based on the BCS approach, is specially designed to describe nuclear phenomena (A, Z) → (A, Z ± 2) of double-charge exchange (DCE). After being proposed, and applied in the particle-hole limit, by one of the authors (F. Krmpotić [1] ), so far it was never been applied within the BCS mean-field framework, nor has its ability to describe DCE processes been thoroughly explored. It is a natural extension of the pn-QRPA model, developed by Halbleib and Sorensen [2] to describe the single β-decays (A, Z) → (A, Z ± 1), to the DCE processes. As such, it exhibits several advantages over the pn-QRPA model when is used in the evaluation of the double beta decay (DBD) rates. For instance, i) the extreme sensitivity of the nuclear matrix elements (NMEs) on the model parametrization does not occur, ii) it allows to study NMEs, not only for the fundamental state in daughter nuclei, as the pn-QRPA model does, but also for all final 0 + and 2 + states, accounting at the same time their excitation energies and the corresponding DBD Q-values, iii) together with the DBD-NMEs it provides also the energy spectra of Fermi and Gamow-Teller DCE transition strengths, as well as the locations of the corresponding resonances and their sum rules, iv) the latter are relevant for both the DBD and the DCE reactions, since the involved nuclear structure is the same; this correlation does not exist within the pn-QRPA model. As an example, detailed numerical calculations are presented for the (A, Z) → (A, Z + 2) process in 48 Ca → 48 Ti and the (A, Z) → (A, Z − 2) process in 96 Ru → 96 Mo, involving all final 0 + states and 2 + states. × O − J (pn) × (a) (b) FIG. 1: (Color online) Graphical representation of the numerators in the 2β − NME, where the black points indicate the single β-decays. They are: a) 0 + f ||O + J ||J + α J + α |J + α J + α ||O − J |0 + i in the pn-QRPA model, where the overlap between the initial and final QRPA solutions for the intermediate nucleus, J + α |J + α , is represented by a thick line, and b) J + f ||O − J ||J + α J + α ||O − J |0 + i in the (pn,2p2n)-QTDA model, which appears in Eqs. (2.9) and (2.15), and indicates that the first β − -decay is switched on in the initial state and the second in the intermediate state. The 2β + NMEs are represented in the same way after making the substitution O ∓ J ↔ O ± J . The pn, and nn + pp nuclear interactions between protons and neutrons are indicated by red and blue dashed lines, respectively. The five vertices of the diagram b) correspond to five of six angular momentum coupling in the symbol 9j in Eq. (2.47). The sixth coupling (JJ)J corresponds to the three unconnected lines in this figure. ≡ J=0,1
I. INTRODUCTION
The Double Charge-Exchange (DCE) processes relate the (A, Z) nuclei with the (A, Z +2) and (A, Z −2) nuclei and will be labeled as {+2} and {−2} processes respectively.
The most studied DCE process is the Double Beta Decay (DBD). It is the slowest physical process observed so far, and can be used to learn about neutrino physics, provided we know how to deal with the nuclear structure. According with the number and type of leptons we may have the following DBD modes: i) double-electron decay (2β − ), ii) double-positron decay, iii) electron capturepositron emitting decay (eβ + ), and vi) double electron capture decay (ee). Each of these decays occurs either with the emission of two neutrinos (2ν-decay) or they are neutrinoless (0ν-decay). To simplify the notation and when it does not cause confusion, we will designate the first process as DBD − and the remaining three as DBD + .
The 0ν-decay rates depend on several unknown parameters such as neutrino mass, Majoron coupling, the coupling constants of the right-handed components of the weak hamiltonian, etc.) and the only way to put these in evidence is by having sufficient command over the nuclear structure. It is precisely at this point that the 2ν2β ∓ , 2νeβ + , and 2νee decay modes are important. A comparison between experiment and theory for them provides a measure of the confidence that one may have in the nuclear wave functions employed for extracting the unknown parameters from 0ν-lifetime measurements.
The number of possible candidates for 2β − -decay is quite large: there are 35 nuclei. In addition, 34 nuclei can undergo 2e-electron capture, while 22 and 6 nuclei can undergo eβ + and 2β + -decays respectively [3] . The discovery of the massiveness of the neutrino, through the observation of oscillations, boosted the importance of the 0ν-DBD, since they are the only observables capable of providing the magnitude of the effective neutrino mass.
It is well known that the involved nuclear structure in 2ν and 0ν-DBD is the same one that describes the DCE reactions. This fact reignited recently the interest in the measurements of heavy-ion-induced DCE reactions, such as the NUMEN project [4, 5] involving the 40 Ca( 18 O, 18 Ne) 40 Ar process. Simultaneously, the interest in the theoretical study of the DCE reactions has been renewed [6, 7] . More, Shimizu, Menéndez, and Yako [8] have also latterly noted correlations between the DCE and 0ν2β − -decay. In all the mentioned theoretical studies, the calculations were made within the framework of the shell model (SM).
The neutrinoless DBDs occur in medium-mass nuclei that are often far from closed shells and, as a consequence, the calculations are mostly made in the proton-neutron Quasiparticle Random Phase Approximation (pn-QRPA), since this tool is computationally much more simple than the SM. As discussed in Ref. [9] , the kind of correlations that these two methods include are not the same. The pn-QRPA deals with a large fraction of nucleons in a large single-particle space, but within a modest configuration space. The SM, by contrast, deals with a small fraction of nucleons in a limited single-particle space, but allows them to correlate in arbitrary ways within a large configuration space. There is another important difference. The standard pn-QRPA only allows us to calculate the double-charge exchange transitions from the ground state of the decaying (A, Z) nucleus to the ground state in the final (A, Z ± 2) nuclei. In fact, to evaluate the transitions going to the excited states, a second (pp + nn)-QRPA must to be performed [10, 11] , which introduces additional free parameters and it is limited to one and two quadrupole phonon states.
To deal with the DCE processes we will resort here to a Tamm-Dancoff Approximation (TDA), which has been suggested and discussed on its ph-limit for 48 Ca more than a decade ago in Ref. [1] . In this model is assumed that the initial, intermediate and final nuclei are the BCS vacuum, pn-excitations, and 2p2n-excitations respectively. The resulting model will be labeled as (pn,2p2n)-QTDA. The main differences with the standard pn-QRPA model are illustrated in Fig. 1 .
The present model is a natural extension to double charge-exchange processes of the pn-QRPA model, originally proposed by Halbleib and Sorensen (HS) in 1967 to describe the single β-decays [2] . As such, it allows to evaluate the NME, not only for the ground states but also of all final 0 + and 2 + states, as well as the Q-values for the 2β − -decay (Q 2β − ), and for the 2e-capture (Q 2e ). It yields as well the DCE energy strength spectra and their sum rules, which are relevant for associated reaction processes and resonances. Detailed numerical calculations are performed in the present work for the 48 Ca → 48 Ti, and 96 Ru → 96 Mo processes, involving their final 0 + and 2 + states.
II. FORMALISM

A. Nuclear matrix elements and double charge-exchange excitations
Independently of the nuclear model used, and when are only considered the allowed transitions, i.e. the Gamow-Teller (GT) and Fermi (F) transitions, the NMEs for the 2ν2β ± -decay, from the ground state 0 + i in the initial nucleus (A, Z) to one of the states 0 + f in the final nuclei (A, Z ∓ 2), reads 1
where g 0 ≡ g V and g 1 ≡ g A are the vector and axial-vector weak coupling constants respectively, and the summation goes over all intermediate virtual states | J + α in the nuclei (A, Z ∓ 1).
The one-body operators are
with O 0 = 1, and O 1 = σ for F and GT transitions, respectively, and c † k ≡ c † j k ,m k and ck ≡ (−) j k −m k c j k ,−m k being the single-particle creation and annihilation operators, andĴ = √ 2J + 1. The energy denominator in (2.1) is 2
obey the double-charge-exchange sum rules (DCESR), which were evaluated in Refs. [6, 7, [20] [21] [22] with the following results:
where C is a relatively small quantity given by [21, Eq. (4) ]. These equations agree with the Eq. (8) in Ref. [7] except for a factor of 3 and the omission of S 20) which is independent of the structure of the ground-state wave function [21] . The relationship between the ββ-decay and double charge exchange reactions has been discussed recently in Refs. [4, 8] .
B. (pn,2p2n)-QTDA Model
The pn-QRPA evaluations of the ββ-decays are generally limited to the ground state of the final nuclei, i.e. to the calculation of M 2ν (0 + 1 ) and M 0ν (0 + 1 ). Moreover, the SCE sume rules (2.14) are fulfilled within this model, but it does not allow us to evaluate the strengths S ββ ± JJ given by (2.16) and to discuss the corresponding DCESR listed in Eqs. (2.17)- (2.20) .
To describe the intermediate states J + α in both pn-QRPA and (pn,2p2n)-QTDA models it is used a nuclear Hamiltonian of the type
where
is the independent-quasiparticle Hamiltonian, with a † α and aᾱ being the single-quasiparticle creation and annihilation operators, defined by the Bogoljubov transformation [23, Eqs. (13.10)]
The proton and neutron pairing interactions are contained in the transformation coefficients u a and v a , and in the quasiparticle energy
where e k is the shell-model single-particle energy (spe), and λ is the chemical potential or Fermi level. The energy gap parameters ∆ k and the pairing coupling constants are determined to reproduce the experimental oddmass difference for each nucleus. Finally, H pn is the quasiproton-quasineutron interaction. Within the pn-QRPA, the states |J α with excitation energy ω Jα , are created from the correlated initial and final 0 + ground states by proton-neutron phonon creation operators Q Jα , which are defined as a linear superposition of creation and annihilation proton-neutron quasiparticle pair operators
that is
Usually this is done for initial |0 + I and final |0 + F ground states, obtaining two sets of intermediate states J α and J α in the (N − 1, Z + 1) nucleus, which are different from each other. Therefore, in the evaluation of the ββ-NME it is necessary to consider their overlap, which is indicated in Fig. 1 , which corresponds to the substitution
The ground state defined in (2.27) is more accurate that the BCS ground state (a k |BCS = 0) since it contains terms with 0, 4, 8, · · · quasiparticles [9] . Nevertheless, in the present model we approximate the initial ground state in the (A, Z) nucleus by the BCS vacuum and the states |J α in the intermediate (A, Z ∓ 1) nuclei as
This disadvantage of the present model is counteracted by the description that we make of the final states in the (A, Z ∓ 2) nuclei. That is, instead of the correlated |0 + F state defined in (2.26), we have
where J + = 0 + , 2 + and
are antisymmetrized and normalized two-proton-twoneutron quasiparticle states, with [24, 25] . However, our final results are different.
The matrix element of H pn for the odd-odd nucleus reads (2.34) where the functions G and F are defined in the standard way [26] .
The matrix elements of H pn in the basis (2.31) are derived by employing the relation (1A-25) from [27] . We get
where the operator
exchanges the particles p 1 and p 2 .
Finally, the matrix element of the neutron-neutron Hamiltonian H nn in the same basis is
and analogously for the proton-proton Hamiltonian H pp . The energies in the denominator
where λ p and λ n are the proton and neutron chemical potentials. Therefore, for both 2β + and 2β − -decays, they
The lowest energies E
{±2} 0 + f are directly related with the Q-values for the 2β − -decay (Q 2β − ) and for the 2e-capture (Q 2e ), defined as 4
where the M's are the atomic masses. Namely,
To evaluate the one-body densities (2.4) and (2.8) we make use of [23, Eqs. (15.4) ] to get
which from (2.2) and (2.5) immediately yields
and
The derivation of J + f ||O ± J ||J + α is more laborious and one gets
The 2β + and β + e Q-values are:
The densities ρ ± (pn; J π α , J + f ) result immediately (2.7) and (2.46) .
Making use of orthogonality and completeness of both basis |J α and A † (pnJ)|BCS in (2.29), the relation (2.15) can be expressed in a more compact form. Namely as,
(2.47)
In this way, the transition strength turns out to be independent of the intermediate states.
It is important to emphasize that the permutation operators in the last two equations only act on the right side. The physical meaning of these permutations can be inferred from the diagram (b) in Fig. 1 , where is graphically represented the DCE matrix element
This quantity is used in the evaluation of both the ββ-decay NME (2.9) and the DCE transition strengths (2.15), but the Eq. (2.47) is applicable only in the latter case.
Together with the NME M 2ν ± (J + f ) given by (2.1) and (2.
i.e. the product of dimensionless axial vector coupling constant, g A , common NME, M 2ν ± (J + f ), given in natural units (h = m e = c = 1), and different leptonic kinematics factors, G α 2ν (J + f ), in yr −1 . The last ones can be found in [28, Table II ] for several nuclei of interest. (For the most recent computations of phase space factors see Refs. [29, 30] .)
The excitation energies in the final nuclei are calculated from
(
2.49)
It should be noted that, just as in the pn-QRPA model the excitation energies in the (Z, A ± 1) nuclei are the same, in the current model the excitation energies in the (Z, A ± 2) nuclei are the same. Finally, the centroid energies of the DCE transition strengths are defined as
(2.50) 
III. NUMERICAL RESULTS AND DISCUSSION
The residual interaction is described by the δ-force (in units of MeV·fm 3 )
where v s and v t are the spin-singlet and spin-triplet parameters.
As usually, the pairing strengths for protons and neutrons, v s pair (p) and v s pair (n), are obtained from the fitting of the experimental pairing gaps.
In the numerical evaluations of the matrix elements G(npn p J), F (npn p J), G(n 1 n 2 n 1 n 2 J n ), F (n 1 n 2 n 1 n 2 J n ), G(p 1 p 2 p 1 p 2 J p ), and F (p 1 p 2 p 1 p 2 J p ) of the Hamiltonians H pn , H pp , H pn , given by Eqs.
(2.32), (2.33) and (2.34), were used the same coupling constants.
To set the coupling constants in the ph-channel we use the energy behavior of the IAS and GTR [31] (see also Refs. [32, 33] For the coupling constants v s pp and v t pp within the ppchannel, we use values close to those obtained in Ref. [19] as a result of the partial restoration of the spin-isospin SU(4) symmetry (PSU4SR). More precisely, this procedure yields s sym ∼ = t sym ∼ = 1 for the ratios
where v s pair = (v s pair (p) + v s pair (n))/2. 5 Moreover, instead of using the bare value g A = 1.27 for the axial-vector coupling constant [34] , we use an effective value g A = 1.0 6 . Still smaller values for g A have been used in the literature [36] .
A.
Single particle space
The DBD − 48 Ca → 48 Ti is a rather unique case, since 48 Ca is a double closed nuclei, and we can make use of the experimental spe e exp j . All they were taken from the binding and excitation energies, weighted with spectroscopic factors, of odd-mass neighboring nuclei: 47 Ca and 49 Ca for neutrons, and 47 K and 49 Sc for protons. They are listed in Fig. 2 and are those from [38, Table II ], except for the proton f 5/2 spe, which is estimated from the proton f 5/2 − f 7/2 splitting given in Ref. [39] . We need this level to saturate both the SCE and DCE sum rules. Once this has been done the spe e exp j have been used in two different ways: become minimal (see [19, Fig. 1]) . 6 This quenching is frequently attributed to the ∆-hole polarization effect on the axial-vector coupling constant [32] . Recently has been presented an explanation of the quenching of gA within the context of effective field theories [35] .
1. The following steps are done in handling the BCS equations [12, 37] : a) The BCS energies relative to the Fermi level λ,
are introduced, where the positive (negative) sign is adopted if the corresponding single-particle state is a particle (hole)-state. b) It is assumed that neutron and proton Fermi levels λ n , and λ p lay between j n = 2p 3/2 − 1f 7/2 and j p = 1f 7/2 − 2s 3/2 states respectively, and that all states above λ are pure quasi-particle excitations E All this procedure is illustrated in Fig. 2. 2. For the sake of completeness the pairing parameters v s pair (p) and v s pair (n) were fixed in the standard manner [49] . That is, by fitting the experimental pairing gaps to the calculated pairing gaps ∆ j , given by [27, Eq. (2. 96)], with j = 1f 7/2 for neutrons and j = 2s 1/2 for protons.
The most relevant difference between the spe e exp j and e j is the disappearance of the energy gap between the holes and the particles in the last case. The resulting parameters v pair s , and λ are given in the Table I for In the 96 Ru nucleus, the neutron and proton shells are both open and its energy spectra is clearly rotational. This fact gives rise to a strong interplay between collective and single-particle degrees of freedom in the low energy spectra of the neighboring odd-mass nuclei 95 Ru, 97 Ru, 95 Tc, and 97 Ru. For instance, it is very likely that the ground state 5/2 + in 95 Ru is a consequence of the j−1 anomaly in the three neutron cluster (1g 7/2 ) 3 [45, 46] . Such a complex nuclear structure inhibits us to determine the appropriate spe spectra and the pairing interaction strengths from experimental energy spectra, as it was done in the case of 48 Ca. We used instead the spe provided by N. Paar [47] , which were calculated in the relativistic Hartree-Bogoliubov model, as outlined in Ref. [48] . They are shown in Table II , together with the resulting quasiparticle energies (3.3), which were obtained following procedure 2 in the case of 48 Ca. This implies to fit the calculated pairing gaps ∆ j , with j = 1g 7/2 for neutrons and j = 1g 9/2 for protons, to the experimental ones. The similarity between the spe e j and the quasiparticle energies E Table  I. It is important to note that in 48 Ca it is λ n > λ p while in 76 Ru this difference is λ n < λ p . We will soon see that this fact is decisive with respect to the Q-values of DBD. More precisely, this will explain why DBD − occurs in 48 Ca and DBD + occurs in 76 Ru.
Our method of calculation is similar in several aspects to that used in the SM in the Refs. [6, 7] . In fact, the illustration of their calculations, made in Fig. 1 of that reference, is also valid in our case. The biggest difference between the two models, in addition to the residual interactions that were used, arises from the size of the configuration spaces of the final states J + f . We have 664 0 + states and 2.470 2 + states, while Auerbach and Bui Minh Loc [7] have, in their evaluation of double charge-exchange GT strength 48 Ca → 48 Ti, the quantity of 14.177 and 61.953 final states in the f p-space, respectively. In the case of the 96 Ru → 96 Mo decay, we also have 664 0 + states, but 2.583 2 + states. 7
FIG. 3: Calculated NME M 2ν
F , M 2ν GT and M 2ν for the ground 0 + state (in natural units ×10 −3 ), as a function of the pp parameters t and s for 48 Ti for: a) 48 Ca with spe e exp j , b) 48 Ca with spe ej, and c) 96 Ru. The experimental value for 48 Ti |M 2ν (0 + 1 )| = (38 ± 3) × 10 −3 is also indicated by the red line, whose width represents the experimental error.
B. Nuclear Matrix Elements
We calculate simultaneously the NMEs M 2ν In the upper part of Table III are shown the results for the 48 Ca → 48 Ti decays to the ground state 0 + 1 , and the first excited 0 + 2 and 2 + 1 states in 48 Ti nucleus, for the two sets of spe e j listed in Table I . The agreement between the calculated and measured results for M 2ν (0 + 1 ) can be considered satisfactory (in particular with the spe e j ) in view of the fact that all the nuclear parameters in the pp and ph-channels are so to say fixed, both for identical particles and for different particles. We hope that in the next future the NMEs M 2ν (0 + 2 ) and M 2ν GT (2 + 1 ) will also be measured. For both 0 + levels the F-NME is relatively small compared to the GT one, but in no way it can be neglected. As seen in the Eq. (2.1), these two NMEs always interfere destructively. 8 QRPA calculation of the NME is illustrated graphically. 8 It is interesting to note that M F is often omitted in the calcula-The NME |M 2ν (0 + 1 )| in 48 Ca has been calculated many times, but there are only very few theoretical studies of M 2ν (0 + 2 ) and M 2ν GT (2 + 1 ). As far as we know, the first one has been evaluated only in Ref. [41] and the second one in Refs. [17, 41] (see also Ref. [42] ). These results, as well as those for NME |M 2ν (0 + 1 )|, are confronted with our results in Table III . It should be pointed out that in the just mentioned studies have not been considered the contributions of F-NMEs M 2ν F (0 + α=1,2 ). Therefore, strictly speaking their results for |M 2ν (0 + α=1,2 )| should be compared with ours |M 2ν GT (0 + α=1,2 )|. In the lower part of Table III are shown the NMEs for the 96 Ru → 96 Mo decay to final states J π = 0 + 1 , 0 + 2 , and 2 + 1 . The results of previous calculations [10, [50] [51] [52] [53] are also shown. It is noticeable that the differences between our three calculations are much smaller than the differences with all the other works.
The strong dependence of the NME within the pn-QRPA model with respect to the isoscalar pp parameter t is well known and is often discussed. Therefore, it could be interesting to analyze that dependence in the current model. This is done in Fig. 3 showing the NMEs M 2ν F , M 2ν
GT and M 2ν for the ground 0 + state in 48 Ca and 96 Ru, as a function of the pp parameters t and s. The experimental value of |M 2ν (0 + 1 )| is also drawn. It can be concluded that within the present model such dependence is tions, simply invoking isospin conservation. [3] , are also shown in same units. 48 Ca [10] 415-1437 492-1554 0.1-8.4 [50] 251 [51] 101 [52] 54 [53] -0 2170 2170 50 only moderate. The same statement is valid also for all remaining 2ν NMEs. It is also well known that the relatively small values of the NME in the pn-QRPA model come from the destructive interference between forward and backward going contributions [19] . That is, trough the ground state correlations (GSC). The quenching mechanism is different in the current model, and it is the consequence of the interplay between seniority-zero and seniority-four configurations in the final states. For example, in the case of 48 Ca, within the space e j and with force parameters T1, the NME M 2ν for the three lowest 0 + states are: −0.033, −0.018, −0.043. While, when only the seniority-zero configurations are considered, one gets: −0.074, −0.028, −0.090 respectively, which confirms the above statement.
C. Half-lives
The half-lives are evaluated trivially from (2.47) using the NME and leptonic kinematic factors G α 2ν (J + f ). De- spite this, we present some of them only for the sake of completeness.
In Table IV are compared our results for the half-lives τ 2β − 2ν − (J + f = 0 + 1 , 0 + 2 , 2 + 1 ) in 48 Ca evaluated with spe e j pp parameters set with the previous ones.
The major difference appears for the 2 + 1 level. The same is done in 
D. Q-values and Energy Spectra
Before starting with the discussion of Q-values, it is convenient to remember that a physical phenomenon is allowed only when this quantity is positive.
In Table VI are confronted the experimental data with our results for the Q ββ and Q 2e values in the DCE processes: a) 48 Ca → 48 Ti and 48 Ca → 48 Ar, and b) 96 Ru → 96 Mo and 96 Ru → 96 Pl. One sees that the model is capable of reproducing not only the signs of the Q-values, but also their magnitudes, without having to modify the parameters of the model. This is very comforting! In addition, it seems that the model "knows" what type of DCE decay can occur in a given nucleus. The nature of Q-value is dominantly determined by the proton and neutron pairing mean fields, as seen from (2.41) or, more precisely, from the relation Q 2e − Q 2β − = 4(λ n − λ p ). The dependence on the residual interaction is rather weak and takes place through the ground state
More details on how the Q-values depend on the pp coupling constants are shown in the Fig. 4 .
As we stated before, in the same way that the pn-QRPA model [2] predicts identical energy spectra for odd-odd nuclei (A, Z ± 1), the present model predicts identical excitation energies in even-even nuclei (A, Z ± 2). This is obviously not realistic due to the large neutron excess.
It is pertinent to mention here that the use of particlenumber-projection can become very important when working with the BCS mean-field [55] . Without a doubt, through this method different energy spectra are obtained in nuclei for which the number of protons is different.
But, despite the above mentioned handicap, the calculated excitation energies of the 0 + and 2 + states in 48 Ti are consistent with data, as shown in Fig. 5 , where we give the calculated spectra for the two spe spaces and the pp parameterizations T1 and T3. Because of the size of the Q 2β − -value (= 4.268 MeV), the 2β − -decays are energetically possible for all states, except for 0 + 4 . We have evaluated the NMEs for all these states, but we do not consider necessary to present them here. It should also be said that we have not found in the literature any detailed calculation of the 48 Ti low energy spectrum to compare with ours. Finally, the 96 Mo energy spectrum is not well explained by the current model and, therefore, will not be discussed here.
E. Double-Charge-Exchange Strengths and their Sum Rules
In Table VII are All calculations related to DCE transition strengths were performed for the three sets of pp parameters (3.4), finding that all produce identical results. We have also found that, at least in the case of 48 Ca, there is a certain dependence of the results with respect to the spe spaces used.
In the last three rows of the upper part of the Table  VII , are given the results derived for 48 Ca by other au-thors within the SM for the pf -space. 9 Namely, by i) Sagawa and Uesaka [6] with GXFF1A interaction, and by ii) Auerbach and Minh Loc [7] , and Shimizu, Menéndez and Yako [8] , both with KB3G interaction. In fact, the values of strengths S {+2} 1J =0,2 attributed to the last authors [8] have been extracted from their Fig. 1 . JJ 1 ) for 96 Ru going to the levels 0 + 1 and 2 + 1 . The SM results from previous works [6] [7] [8] for 48 Ca are also shown. The meaning of the inequalities is explain in the text. 48 Ca Several observations are in order regarding the results shown in (3.5)
In fact, they are nicely satisfied in all numerical calculations presented in Table VII .
All S
{∓2} JJ strengths depend quite significantly on the spe, but very weakly on the residual interaction. This is the reason why we only show the results for the parametrization T1. 7. The terms proportional to C are omitted in (2.18), (2.19) in Refs. [6, 7] , and this is the reason why their predicted sum rules S are significantly smaller that those presented in Table II in Ref. [7] , and those shown in Fig.  (1b) by Shimuzu et al. [8] . It is difficult to discern whether this is due to the deficiency of our model, or the difference in the size of single-particle spaces. We are inclined to think that our results are correct, since otherwise it would be very difficult to satisfy the second condition in Eq. (3.5).
The size of B
{±2} JJ1 , shown in the last column of Table VII, and when compared with S {±2} JJ , give us an idea on the smallness of the NMEs. 10 In this case it could be interesting to analyze if the problem can be solved by particle-number projection [55] . 
F. Spectral Distributions of Double Charge Exchange Strengths
The DCE strength distributions B
{±2}
JJ f , which are of interest here, are drawn in Figs. 6-8 as a function of the excitation energy E in final nuclei. We have found that they depend only moderately on the spe spaces, and even less on the pp parameters. To simulate the experimental energy resolution, they were smeared out with Lorentzians of 1 MeV width. Moreover, these figures contain inserts which show the corresponding strengths in the low-lying states of final nuclei.
In the upper panel of Fig. 6 , respectively, in the same final nucleus, which also exhibit resonant like structure. These dou- ble GT giant resonances (DGTGR) are much wider than the DIAS and centered around 13 and 14 MeV, respectively. In the KB3G SM calculations of Shimizu et al. [8] , which are also shown in Fig. 6 , these resonances appear at around 20 MeV.
In Figs. 7 and 8 are the closure approximations of the squares of the NMEs. In view of this, to know how reasonable the closure approximation is, it may be interesting to compare the behaviors of these two quantities as a function of the pp parameters. As an example, in Fig. 9 are compared the squares of the NMEs M 2ν F (0 + 1 ) and M 2ν
001 , for 48 Ca with the spe e j . The squares of the NMEs are in natural units, while the strengths are dimensionless. The proportionality between these two observables suggests that the closure approximation in the case of 48 Ca is reasonable. However, there is no guarantee that this result will be valid in general. (dimensionless), respectively, in 48 Ca for the spe ej.
IV. FINAL REMARKS
We have developed a nuclear structure model that involves (pn,2p2n)-QTDA excitations on the BCS meanfield, which is capable of simultaneously describing the DBD and the DCE transition strengths. So far, this has been done only in the context of SM, where these two problems are generally treated separately, although it is well known that they are intimately related to each other. This is the case, for instance, of 48 were evaluated in Refs. [6] [7] [8] . The (pn,2p2n)-QTDA model has additional advantages over the standard pn-QRPA model. Namely:
1. Together with the NMEs of the ground state, the NMEs of all the excited states 0 + and 2 + are calculated simultaneously. To do the same in the pn-QRPA model, it is necessary to resort to supplementary calculations through several chargeconserving QRPAs, thus introducing several new model parameters.
2. It allows the evaluation of the Q-values for DBDs, which plays a very important role in this type of processes.
The proposed model can be viewed as a natural extension to DCE processes of the pn-QRPA model, originally developed by HS to describe the SCE processes [2] . The first does not include the GSC like the second. But this is not a serious inconvenience since, as we have discussed above, the quenching mechanism is now different.
Our next aim is to evaluate and discuss the 0ν-NMEs (2.12) making use of the replacement (2.11) in our previous work [19] . One expects that the relationship between DCE nuclear reactions and DBD will be more clearly visible at 0ν than at 2ν reactions, due to a lower dependence on the NME of their energy denominators in the first case.
During the development of the present study, Santopinto et al. [56] , based on a previous work of Bertulani [57] , have reported that, in the low-momentumtransfer limit, the heavy ion 40 Ca( 18 O, 18 Ne) 40 Ar cross section behaves as
where P and T stand for projectile and target nuclei respectively. The correspondence with our notation is: 1) For the matrix elements 11
Therefore, the present model posses all the necessary ingredients to evaluate the heavy-ion cross section in the low-momentum-transfer limit. Of course, now it is necessary to solve two eigenvalue problems, one for the target nucleus 40 Ca, and one for the projectile nucleus 18 O.
In summary, we have developed a new model, based on the BCS approach, to describe the double-charge exchange nuclear phenomena (A, Z) → (A, Z ± 2). It is a natural extension of the Halbleib and Sorensen [2] model, aimed to describe the single-charge exchange processes (A, Z) → (A, Z ± 1). As an example, detailed numerical calculations are presented for the (A, Z) → (A, Z + 2) process in 48 Ca → 48 Ti and the (A, Z) → (A, Z − 2) process in 96 Ru → 96 Mo, involving all final 0 + states and 2 + states. At the moment we are extending this study in two directions: 1. A throughout evaluation of all 2ν-DBD ± , together with the associate nuclear reaction strengths will performed.
2. The 2ν-DBD ± formalism developed here will be extended to the 0ν-DBD ± .
In the BCS approximation one gets 2) also is valid when the residual interaction is switched on. This means that the F DCESR is fully satisfied only in the particlehole limit, i.e. when one of the protons 1s 1/2 , 1p 1/2 levels is totally full or totally empty.
